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Want  ̂p ≈ pdata

Generative 
ModelX(1), X(2), …, X(n)

Training data

̂Y ∼ ̂p
∼ pdata





Training uses combination of fresh data  and synthetic data  

Want  

∼ pdata ∼ ̂pprev

̂p ≈ pdata

Generative 
ModelX(1), X(2), …, X(n)

Training data

̂Y ∼ ̂p

Recursive Self-Training





1-D Gaussian with self-training

Generative 
ModelX(1), X(2), …, X(n) ̂Y ∼ ̂pi+1

∼ ̂pii.i.d.

Target     

After generation  compute    and generate samples from  

Can show   with growing       [Shumailov et al. ‘24]

pdata = 𝒩(μ, σ2)

i ̂μi, ̂σ2
i ̂pi = 𝒩( ̂μi, ̂σ2

i )

Var( ̂Y) = σ2 (1 +
i
n ) → ∞ i



Generative 
Model

̂Y ∼ ̂pi+1

Data Accumulation

𝒟0 ∪ 𝒟1… ∪ 𝒟i

Preventing Model Collapse

Training data for generation   i : 𝒟0 ∪ 𝒟1… ∪ 𝒟i

𝒟0 ∼ pdata, 𝒟1 ∼ ̂p1, …, 𝒟i ∼ ̂pi

• Linear and Generalized linear models: [Gerstgragsser et al. ’24], [Dey-Donoho ’24] 

• Discrete distribution estimation: [Kanabar-Gastpar ’25] 

• MLE for parametric distributions: [Barzilai-Shamir ’25]



Generative 
Model

̂Y ∼ ̂pi+1

Data Augmentation

Preventing Model Collapse

Training data for generation   

Fraction  of samples  , separately fraction  from  

i + 1 :
α ∼ pdata (1 − α) ̂pi

• Gaussian estimation, linear regression: [He et al ’25] 

• Overparametrized linear models: [Garg et. al ’25]

X(1), X(2), …, X(n)



This talk

Diffusion  
Model

X(1), X(2), …, X(n) ̂Y ∼ ̂pi+1

∼ αpdata + (1 − α) ̂pi

Training data for generation  : Mixture of  and  i pdata ̂pi

Goal: Quantify how divergence between  and  evolveŝpi pdata



Diffusion Models
Diffusion  

ModelX(1), X(2), …, X(n) ̂Y ∼ ̂p

State of the art for text-to-image, video generation, protein modeling, …
[Sohl-Dickstein et al ’15], [Ho et al. ’20, Song et al., ’21]



“Create a cartoon image of a bear punting in Cambridge”
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Forward  
noising

YT ∼ 𝒩(0,I)Denoising 
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Denoising 
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Denoising 
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denoising



Forward Noising Process

Xk+1 = Xk −
1
2

XkΔk + Gk Δk, Gk ∼ 𝒩(0,I)Discretization:

                          :  distribution on  .        Starting from  , 

                                                

pdata ℝd X0 ∼ pdata

dXt = −
1
2

Xt dt + dBt , t ∈ [0,T]

X0 +

Noise

+

Noise

X1 X2 +

Noise

+

Noise

X3 XT



Forward Noising SDE

dXt = −
1
2

Xt dt + dBt , t ∈ [0,T], X0 ∼ pdata

Xt ∣ X0 ∼ 𝒩( X0 e− t
2 , (1 − e−t)I)

X0 +

Noise

+

Noise

X1 X2 +

Noise

+

Noise

X3 XT

Forward  
noising



Backward Denoising

Forward SDE:      dXt = −
1
2

Xt dt + dBt , t ∈ [0,T], X0 ∼ pdata

With  , the score function is  qt = Law(Xt) 𝗌(x, t) = ∇xlog qt(x)

Reverse SDE:       dYs = [−
1
2

Ys − 𝗌(Ys, s)] ds + dB̄s , YT ∼ qT

 Then   for           [Anderson ’82] 

 In particular,  

 Sampling from  is equivalent to learning the score function  

Law(Ys) = Law(Xs) = qs s ∈ [0,T]

Law(Y0) = pdata  and  qT ≈ 𝒩(0,I) ⇒

pdata s(x, t)



Sampling via Learned Reverse SDE

Learned Reverse SDE:       d ̂Ys = [−
1
2

̂Ys − 𝗌θ( ̂Ys, s)] ds + dB̄s , ̂YT ∼ 𝒩(0,I)

 Score error:       e(x, t) = 𝗌(x, t) − 𝗌θ(x, t)

YT ∼ 𝒩(0,I)Denoising 

network

Denoising 

network

Denoising 

network

Denoising 

network Y2Y1

̂Y = Y0

Backward  
denoising



Recursive Training Model

Diffusion  
Model

X(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Training data for generation  : Mixture of  and  i pdata ̂pi

Track the recursion using two -divergences: 

• Intra-generation divergence   

• Accumulated divergence 

χ2

Ii := χ2 ( ̂pi+1∥qi)
Di := χ2 ( ̂pi∥pdata)

 χ2( ̂pi+1∥qi) = 𝔼qi [( ̂pi+1

qi
− 1)

2

]



 : Mixture of 5 isotropic Gaussians in pdata ℝ10

Generation 0

Generation 10

Generation 20
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 Fashion-MNIST

pdata



Ideal Reverse SDE:        dYi
s = [−

1
2

Yi
s − 𝗌(Yi

s, s)] ds + dB̄s , Yi
T ∼ 𝒩(0,I)

Learned Reverse SDE:       d ̂Yi
s = [−

1
2

̂Yi
s − 𝗌θ( ̂Yi

s, s)] ds + dB̄s , ̂Yi
T ∼ 𝒩(0,I)

Path Laws

Start at  and stop at  

• Path Laws   

• Time  marginals 

s = T s = t0 > 0

ℙi = Law ((Yi
s)s∈[t0,T]), ℙ̂i = Law (( ̂Yi

s)s∈[t0,T])
t0 Yi

t0 ∼ qi , ̂Yi
t0 ∼ ̂pi+1

Diffusion  
Model

X(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi



Ideal Reverse SDE:        dYi
s = [−

1
2

Yi
s − 𝗌i(Yi

s, s)] ds + dB̄s , Yi
T ∼ 𝒩(0,I) (ℙi)

Learned Reverse SDE:       d ̂Yi
s = [−

1
2

̂Yi
s − 𝗌θ( ̂Yi

s, s)] ds + dB̄s , ̂Yi
T ∼ 𝒩(0,I) (ℙ̂i)

Score Error Energy

 Score error:        ei(x, t) = 𝗌i(x, t) − 𝗌θ(x, t)

ε2
i := 𝔼ℙi[∫

T

t0

∥ei(Yi
s, s)∥2

2 ds], ̂ε2
i := 𝔼ℙ̂i[∫

T

t0

∥ei( ̂Yi
s, s)∥2

2 ds]

Diffusion  
Model

X(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi



Score error:       

 

ei(x, t) = 𝗌(x, t) − 𝗌θ(x, t)

ε2
i := 𝔼ℙi[∫

T

t0

∥ei(Yi
s, s)∥2

2 ds]
Under suitable assumptions, minimax score estimation error:   

                                     ε2
i ≲

polylog(ni)
ni ( 1

t0 )
d/2

[Zhang et al ’24], [Oko et al ’23], [Dou et al ’24],[Wibisono et al ’24]…

 Small  requires number of training samples   ε2
i ∼ (1/t0)d/2



Intra-generation upper bound

Diffusion  
Model

X(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Learned Reverse SDE:       d ̂Ys = [−
1
2

̂Ys − 𝗌( ̂Ys, s) + ei( ̂Ys, s)] ds + dB̄s , ̂YT ∼ 𝒩(0,I) (ℙ̂i)

Proposition: Under mild assumptions, 

                                      

where 

KL( ̂p i+1∥qi) ≤ KL(ℙ̂i∥ℙi) = 1
2

̂ε2
i

̂ε2
i := 𝔼ℙ̂i[∫

T

t0

∥ei( ̂Yi
s, s)∥2

2 ds]



Intra-generation upper bound

Diffusion  
Model

X(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Proposition:  

where 

KL( ̂p i+1∥qi) ≤ KL(ℙ̂i∥ℙi) = 1
2

̂ε2
i

̂ε2
i := 𝔼ℙ̂i[∫

T

t0

∥ei( ̂Yi
s, s)∥2

2 ds]
• Standard application of Girsanov’s theorem gives    

• Inequality via data processing  

dℙ̂i

dℙi



Girsanov path density

Diffusion  
Model

X(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Girsanov’s theorem:     where  ,  
dℙ̂i

dℙi
= exp(Zi) Zi = Mi − 1

2 ⟨Mi⟩

Mi = − ∫
T

t0

ei(Yi
s, s) ⋅ dB̄s ⟨Mi⟩ = ∫

T

t0

∥ei(Yi
s, s)∥2ds

Ideal Reverse SDE:        dYi
s = [−

1
2

Yi
s − 𝗌(Yi

s, s)] ds + dB̄s , Yi
T ∼ 𝒩(0,I) (ℙi)



Ratio of Marginals

Diffusion  
ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Girsanov’s theorem:     where  ,  
dℙ̂i

dℙi
= exp(Zi) Zi = Mi − 1

2 ⟨Mi⟩

Mi = − ∫
T

t0

ei(Yi
s, s) ⋅ dB̄s ⟨Mi⟩ = ∫

T

t0

∥ei(Yi
s, s)∥2ds

Marginal density ratio       (Projection of path density ratio) 
̂pi+1(y)
qi(y)

= 𝔼ℙi [exp(Zi) ∣ Yi
t0 = y]

Ideal Reverse SDE:        dYi
s = [−

1
2

Yi
s − 𝗌i(Yi

s, s)] ds + dB̄s , Yi
T ∼ 𝒩(0,I) (ℙi)



Intra-generation Lower Bound

Diffusion  
ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

 captures the observability of the score error at  ηi t0

Proposition  

Recall . Under mild assumptions, if ,  

                                            

ε2
i := 𝔼ℙi [∫

T

t0

∥ei(Yi
s, s)∥2

2 ds] ε2
i < 1

χ2( ̂pi+1∥qi) ≥ ηi ε2
i − Cε4

i



Observability of Errors

Diffusion  
ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

 Observability coefficient      ηi :=
Varℙi(𝔼[Mi ∣ Yi

t0])
Varℙi

(Mi)
=

Varℙi(𝔼[Mi ∣ Yi
t0])

ε2
i

∈ [0,1]

Density ratio:     where  ,  

  

̂pi+1(y)
qi(y)

= 𝔼 [exp(Zi) ∣ Yi
t0 = y] Zi = Mi − 1

2 ⟨Mi⟩

Mi = − ∫
T

t0

ei(Yi
s, s) ⋅ dB̄s ⟨Mi⟩ = ∫

T

t0

∥ei(Yi
s, s)∥2ds, Varℙi

(Mi) = 𝔼ℙi
[⟨Mi⟩] = ε2

i



 : 10-dimensional Gaussian mixturepdata

 : CIFAR-10pdata



Two-sided Intra-generation Bound

Diffusion  
Model

X(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

 Theorem: Under mild assumptions, if , then  

                      

ε2
i < min {1,

ηi

8C }
ηi ε2

i − Cε4
i ≤ χ2( ̂pi+1∥qi) ≤ 4ε2

i + cε4
i



 : 10-dimensional mixture of 5 isotropic Gaussians pdata



Error Accumulation

Diffusion  
ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Want to track  

• Fresh data contracts accumulated divergence:   

• Score error   in each round  increases accumulated divergence

Di := χ2 ( ̂pi∥pdata)
χ2 (qi∥pdata) = (1 − α)2 χ2 ( ̂pi∥pdata)

ε2
i i



Error Accumulation

Diffusion  
ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Proposition  (Non-summable score errors).   

For generations , let  and . 

1. If  then . 

2. If  for sufficiently large ,  then 

i ≥ i0 ηi ≥ η ε2
i < min {1,

ηi

8C }
∑
i≥i0

ε2
i = ∞ ∑

i≥0

Di = ∞

ε2
i ≥ ε2 and ηi ≥ η i lim sup

i→∞
Di ≥ Cα η ε2



Error Accumulation
Diffusion  

ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Theorem  (Summable score errors).    Assume that for generations  , we have   

and  .      Also assume . Then for each  ,     

                                                               

i ≥ i0 ηi ≥ η
ε2

i < min{1, ηi / 8C} ∑
i

ε2
i < ∞ N ≥ i0

DN+1 + Cbias ≍
N

∑
i=i0

(1 − α)2(N−i) ε2
i + (1 − α)2(N+1−i0)Di0

Accumulated divergence: geometrically-discounted sum of score errors  

Theorem requires additional assumption on tail moment of  
̂pi

pdata



10-dimensional mixture of 5 isotropic Gaussians 

Contribution of  to   for  ε2
i DN = χ2( ̂pN ∥ pdata) i ≤ N

α = 0.1 α = 0.5 α = 0.9



 : Fashion-MNISTpdata

Contribution of  to   for  ε2
i DN = χ2( ̂pN ∥ pdata) i ≤ N

α = 0.1 α = 0.5 α = 0.9



Limiting distribution as i → ∞
Diffusion  

ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Gaussian smoothing:     𝒰t(p) = Law(e−t/2X + 1 − e−t/2Z), X ∼ p ⊥ Z ∼ 𝒩(0,I)

Without score errors or discretization errors:    

Geometric convergence of  to  in Wasserstein-2 

With score/discretization errors of magnitude , concentrates on  ball around 

̂p∞ = α
∞

∑
k=0

(1 − α)k 𝒰(k+1)t0(pdata)
̂pi ̂p∞

δ 𝒲2 ̂p∞



Summary

Diffusion  
ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Two effects:  Error accumulation (imperfect score learning) and Error mitigation (fresh data) 

Intra-generational divergence bounds for small score errors: 

•
      

•  For small ,  we have  

χ2( ̂p i+1∥qi)

Intra-Generational
Divergence

≳ ηi
⏟

Observability
of Errors

⋅ ε2
i⏟

Score Error
Energy

ε2
i χ2( ̂p i+1∥qi) ≍ ε2

i



Summary

Diffusion  
ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

Two effects:  Error accumulation (imperfect score learning) and Error mitigation (fresh data) 

Accumulated divergence for small score errors: 

•
 If  , then  ∑

i≥i0

ε2
i < ∞ DN+1 + Cbias ≍

N

∑
i=i0

(1 − α)2(N−i) ε2
i



Open Questions

• Divergence bounds when score errors may be large 

• Moment assumptions on density ratio  

• Effect of time-discretization

Diffusion  
ModelX(1), X(2), …, X(n) ̂Yi+1 ∼ ̂pi+1

∼i.i.d qi = α pdata + (1 − α) ̂pi

https://arxiv.org/abs/2602.16601

https://arxiv.org/abs/2602.16601

